In the current study, an analytical solution based on modified couple stress theory for a nonlinear model describing the couple 3D motion of a functionally graded tapered micro-bridge is presented. The small scale effects and the nonlinearity arising from the mid-plane stretching are taken into consideration. Governing equations of motions are derived utilizing modified couple stress theory and applying Hamilton principle. Dynamic and static analysis to determine the effects of lateral distributed forces and mid-plane stretching are investigated. To this aim, analytical Homotopy-pade technique is employed to capture the nonlinear natural frequencies in high amplitude vibrations of tapered microbridges with different types of geometries and material compositions. The obtained results of frequencies propose that there is a good agreement between the present analytical results and the numerical ones in opposed to well-known multiple-scale method. Furthermore, comparing the results in 2D and 3D analysis shows that in 2D analysis, the stiffness and natural frequency of the micro-beam is underestimated and we observe that increasing the tapered ratio has different impacts on natural frequencies for micro-beams with different slender ratios.
Introduction
Micro-beams have a major importance in the fields of micro/nono electro-mechanical systems such as those in sensors and actuators [1] .Beams used in these applications have the thickness in order of microns and sub-microns. The size dependent behavior of these structures has been empirically observed by several researchers [2] [3] [4] [5] . Incorporating the concept of length scale parameter, an experimentally measurable property accounting for dislocation and distortion of constitutive crystals and grain size of a specific material [6] have led to many investigations on size effect phenomena during past few decades and some non-classical continuum theories have been developed. Mindlin [7] introduced higher-order gradient theory, regarding the first and the second derivatives of the strain tensor, for elastic materials. after that, using Mindlin's formulation, the strain gradient theory was proposed by Fleck & Hutchinson [8] [9] [10] which considers only the first derivatives of the strain tensor. Ansari [11] developed a model using modified strain gradient theory to describe the linear and nonlinear vibrational behavior of a fractional viscoelastic Timoshenko micro/nano beams. In this paper, predictor-corrector technique is utilize to deal with the set of nonlinear governing equations. Based on strain gradient elasticity theory, an analytical solution is proposed for an Euler-Bernoulli FG nano beam by Li et al. [12] . In this study, the device is lying on an elastic foundation and the bending and buckling behavior are investigated.
Another well-known theory which involves size effects, is the couple stress theory introduced by Mindlin & Tiersten [13] .
The modified couple stress theory proposed by Yang et al, [6] considers the equilibrium equation of forces and couples and moments of couples applied to a single material element. In this theory, two classical and one additional material constants are introduced to reflect the microstructure-related size influences.
Based on the modified couple stress theory, the dynamic and static response of homogeneous and functionally graded materials, including linear vibration, elastic bending, post buckling and non-linear vibration have been investigated by many researchers [14] [15] [16] [17] . Functionally graded materials (FGMs) are inhomogeneous composites of two different constituents, typically a metal and a ceramic, with a desired continuous change in compositional characteristics as a function of position along specified dimensions. Application of FGMs has been widely extended in various industrial fields specially in designing Micro and Nano systems such as thin films in the form of shape memory alloys [18, 19] atomic force microscopes (AFMs) [20] , also Micro/Nano electro-mechanical systems [21] [22] [23] [24] [25] In addition to FG functionality in micro beams, Non-prismatic beams, i.e. beams with a varying crosssection (abruptly or gradually) along the length of the beam, play an important role in different fields [26] in which they can be used in the architectural and aesthetic aspects of engineering design to optimize the strength and weight of the structure. One of the effective application of tapered micro beams is in micro energy harvester in which tailoring the structural parameters of the cantilever beam could lead to an increased harvester power [27] and can considerably influence the natural frequency of microstructures [28] . Baghani et al, [26] by considering the assumption of inextensibility of neutral axis, studied large amplitude free vibrations of tapered micro-bridges on a nonlinear elastic foundation. Dynamic analysis of a parabolic tapered Euler-Bernoulli cantilever beam under a travelling mass is accomplished by Zhao et al. [29] .
In most of the investigations performed on the behavior of micro and sub micro beams, the problem is considered as a 2D case, so there is a geometric imperfection, since the beam is under 3D deformation and the-mid plane stretching may lead to a coupling between the displacements of lateral directions. Due to the importance of micro-beams and micro-systems, the couple 3D deformations of these structures have been studied by many researchers. Considering mid plane stretching and geometric non-linearity, Mojahedi, Ahmadian et al. [30, 31] , and Mojahedi & Rahaeifard [32] studied the 3 Dimensional motion for the micro/Nano beam and reported the static, dynamic and instability behavior of electro-static actuated bridge and cantilever micro/Nano gyroscope and micro bridges.
The Euler Bernoulli beam theory is the most well-known theory for calculating beam deformation with the slender ratio, commonly / 10 Lh  . According to this theory, due to ignoring shear strains, a plane after deformation remain plane and still perpendicular to the central line of the beam. Employing the modified couple stress theory in Euler-Bernoulli beam model, the results show a larger bending stiffness than the classical ones [33] . Euler-Bernoulli beam theory can predict the lateral and bending deformation. However, in this paper, strain tensor is built to include the deformation in both lateral and in axial directions.
The aim of is this paper, at first is to present a mechanical model to illustrate the 3D motion of an FGM double tapered micro-bridge, afterwards, the impacts of nonlinearity caused by considering the third dimension into the calculations and the effects of material composition, tapered ratio and geometrical properties on the static and dynamic responses are investigated. An analytical Homotopy -pade method is implemented to estimate the natural frequencies of the micro-bridges. As it will be discussed in the paper, the Homotopy method is more general than multiple scale methods employed in many nonlinear problems [34] . In multiple time scale (MTS) technique, using a small physical parameter, the nonlinear problems is transferred into a sequence of linear perturbed problems while this small parameter is not needed in HAM and gaining higher -order approximation are easier, leading to smaller computational cost. In addition to low simulation cost, here we demonstrate that HAM is more appropriate for strong nonlinearities and high amplitudes. For this purpose, a comparison study is accomplished to capture the accuracy of HAM as opposed to MTS, as a classic perturbation method. The consistency of the calculated analytical results with the numerical ones are also presented. x t and ˆy f , respectively. The strain energy density, employing the couple stress theory, is written as:
Problem formulation
Where ij  and ij  are the components of stress and strain tensor, respectively, ij m is the deviatoric part of the couple stress tensor and ij  is the symmetric curvature tensor.
Assuming flexible motions in both directions, the relation between transverse displacements and the rotation vector components becomes:
The non-zero components of the deviatoric part of the couple stress tensor and the symmetric curvature tensor are recorded as:
In which l and  symbolize the material length scale parameter and the shear modulus, respectively.
The displacement filed according to Euler-Bernoulli beam theory for a micro-beam subjected to distributed load in both lateral directions can be written as [35] :
Where û is the axial deformation. Utilizing the von-Karman relation, the nonzero strain (i.e. the axial strain) is derived [32] :
Thus, the axial stress in the beam would be 22 22 22ˆˆˆ1 1ˆˆ2 2
In which E is the young modulus of elasticity.
The potential and kinetic energy of the beam according to Equation (1) is written, respectively as: 
are the mass per unit volume, cross section and the length of the beam respectively. The work of external forces on the micro bridge is structured in the form of:
Considering the work of external forces on the micro bridge as
Lagrangian of the motion, then is given as: 
Applying the Hamilton principle, we have:
Expanding the integral in Equation (10), governing equations of motion for the doubly clamped microbeam are as follows:
In Equation (14), the appropriate boundary conditions are given for the doubly clamped microbridge.
In the case of no axial forces, longitudinal inertia is negligible [31] , thus, by solving Equation (11) and applying the corresponding boundary conditions, we arrive at:
For doubly clamped BCs:
x t from Equation (15) into Equations (12) and (13), the governing equations of motion for FG tapered micro-beam take the following forms: Using power-law functions to ensure a smooth distribution of stresses along the longitude direction and all the interfaces, the FG material properties are expected to vary along the axis of the beam as [36] : 
In which ĥ and b
are thickness and width of the cross section of the micro-bridge, respectively, as shown in fig.(2) . The dimensionless equations of motion are derived as:
where: 
In this paper, a single pre-assumed mode approach is considered to discretize Equations (20) and (21) . Assuming the deflections v and w as Applying the Galerkin decomposition method, the weak forms of Equations (20), (21) are constructed in the forms of: 22 (q )
Where:
  11 2 00 00 
It should be noted that by assuming identical mode shapes for both lateral directions the parameter  becomes equal to unity. Equations (25) and (26) represent the weak form of the equations, governing the motion of a micro-beam, which are modeled based on the proposed assumptions and the modified couple stress theory. In the following sections, analytical and numerical solutions, reflecting the static and dynamic performances of the FG tapered micro-beam will be investigated.
Static deflection analysis
In this section, by neglecting the inertia terms from Equations (25) and (26) 
As it can be seen, there are two algebraic coupled nonlinear equations, governing the static motions in the transvers directions. A numeric iterative method is utilized to solve simultaneously the above mentioned equations. This iterative procedure is continued until the desired convergence is met.
Free vibration analysis
In the next section, the approximate analytical solution according to Homotopy Analysis Method (HAM) is employed to arrive at an analytical solution for non-linear equations of (25) and (26) reflecting the dynamic behavior of the represented model. HAM is an approximate analytic technique for solving nonlinear differential equations. In the following section a brief description for this method is given.
Homotopy analysis method
To demonstrate the main idea of HAM, consider the general non-linear problem as
In which N represents a general non-linear differential operator and q is considered as an unknown function, describing the exact solution to the non-linear equation. according to Liao, (2004) [37] , the Homotopy function is constructed as: q is an initial guess 9 of the exact solution q . The convergence condition highly depends on our choices of initial guess, auxiliary linear operator, the nonzero auxiliary parameter and the auxiliary function.
The zero order deformation equation (Homotopy equation) is defined when the Homotopy function is set to zero which lead us to a family of equations, a general form of our original nonlinear equation.
Now setting 0 r  , and 1 r  , the zero-order equation reduces to Equations (36) and (37), respectively:
It is obvious that varying the embedding parameter from 0 to 1, the primary solution approaches from the initial guess to the exact solution q . Thus, the following form can be considered for the m th order derivative of q :
    , the m thorder approximation of () q  can be represented by:
The corresponding [m, s] pade-approximate about the embedding parameter r , for the series of Equations (39) was proposed by Liao (2004) [37] as a technique to accelerate the convergence of a solution series. Thus, the series of Equations (51) can be expresses in:
In which, 
Application of Homotopy Pad'e method to the problem
According to Equations (25) and (26) 
Numerical results
In this section, numerical and analytical results are provided in order to investigate the effects of various material and geometrical properties on the static and dynamic responses of doubly clamped FG tapered micro-beam. The obtained results are compared with the corresponding results calculated by the classical beam theory to clarify the distinction that have been made in utilizing the length scale parameter. The micro-beam is composed of aluminum (AL) and silicon-carbide (SiC). The material properties of aluminum are 1 70GPa [38] . Since each of the participating constituents material has a specific value of the length scale parameter, it is concluded that the material length scale parameter of the microbridge varies along the beam axis. In the present work, the material length scale parameter of siliconcarbide are respectively assumed as 1 The dimensionless static deflections in ẑ direction for Nonlinear and linear micro-bridge is depicted in Fig. (3) . It is clear that adding the distributed force in y direction, reduces the nonlinear static deflection of micro-bridge in z direction. Furthermore considering the nonlinearity will reduce the static deflection. This is due to considering the mid-plane stretching that causes a coupling between equations of both lateral displacements. Fig. (4) plots the frequency ratio (the ratio of non-classical FG tapered-micro-beam frequency to the Non-FG one) for doubly clamped boundary conditions, for different value of power index parameters.
The key point that can be understood from Fig. (4) is that by increasing the power index parameter, the sensitivity to initial deflection heightens. Table. (2) expresses the nonlinear natural frequencies in z direction for various tapered and slender ratios. Since the coupling term is independent of the dimensionless parameter h/b (the ratio of thickness, the edge that is parallel to z axis to the width, the edge that is parallel to y axis), changing the size of the edge b (width), has a negligible influence on the natural frequency in z direction, thus, the effect of this parameter is not reported in these tables. On the other hand, in table. (3), the corresponding values for natural frequencies in y direction and the effects of changing size of the edge b (changing the h/b parameter) on vibrations along the y axis, can be observed. Numerical results are provided in order to evaluate the accuracy of the analytical HAM method. It should be noted that for a square cross section, the nonlinear natural frequencies are identical for vibrations in both directions, regardless of the given amplitude. Fig. (5) plot the natural frequency ratio (the ratio of non-classical FG tapered-micro-bridge frequency to the classical one), versus the initial deflection for different values of h/l. It is realized that considering both lateral deflections in calculations the nonlinear natural frequency has a significant effects on dynamic responses.
Due to the mid plane stretching, accounting for the third dimension into the vibration problem, increases the corresponding natural frequencies. The values obtained for 2D analysis also increase as the initial deflection grows. Furthermore, it is illustrated in Fig. (5) that the natural frequency computed by the proposed model here, is much higher than that predicted by the classical beam theory. Hence, for larger values of h/l (the ratio of thickness to the length scale parameter of the beam), as shown in Fig. (5) the nonlinear responses approaches to the responses of the classical beam theory. Table. (4) reflects the natural frequency of a micro bridge for a 3D analysis by multiple time scales method (MTS), which are provided by Mojahedi & Rahaeifard (2016) [32] The corresponding results found by Homotopy analysis method as well as the numerical solutions are reported to validate the proposed HAM method in comparison with the MTS 3 rd order method. As one may observe, for 0.03 y a  , the deviation of Harmonic Balance method results from the numerical ones increases significantly, while the corresponding error associated with HAM results are negligible. As indicated in section1, the results in Table 4 . reveal the higher capability of HAM in dealing with large parameters strong nonlinearities and higher vibration amplitude than MTS.
Summary and Conclusion
A nonlinear model for doubly clamped tapered FG micro-beams based on modified couple stress, considering the effects of two coupled bending deformations in lateral directions and also mid-plane stretching, was considered here. After constructing the Lagrangian of the motion, applying the Hamilton principle, the nonlinear 3D equations of motion were derived. In this method, a uni-modal approach was employed to discretize the governing equations and the resultant uni-modal differential equations of motion were solved for static and dynamic responses. The deflections of the Single and doubly clamped tapered FG micro-beams under different loading conditions were numerically calculated. The correspondent results showed that considering the lateral loading in one direction reduces the static deflection in other direction. In the case of dynamic analysis, the nonlinear natural frequency for various geometrical and material compositional properties were calculated using analytical Homotopy-pade method. It can be observed that by increasing the amplitude of the vibration, the difference between linear and nonlinear natural frequencies increase, and for higher values of h/l, both values approaches those found through the classical beam theory. Furthermore, it was observed that increasing the power index parameter resulted in higher natural frequency values. The advantage of Homotopy method in terms of computational cost and accuracy over a classic analytical method, MTS method (recently employed in the literature to investigate the 3D vibration of micro beams), in problems with strong nonlinearity and high amplitudes are discussed by a comparison study, which showed the accuracy of the HAM technique. The corresponding non-linear natural frequencies calculated by FFT as a numerical method were reported to certify the proposed HAM method.
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